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Let G be a finite directed graph without loops. Each edge is given one 
of k colors. The theorem below states that G contains either a mono- 
chromatic path of a certain length or a monochromatic circuit. 
The symbol {x1, x2 ,..., x,}+ denotes the set {x1. x2 ,..., x,} and at the 
same time states that x, f x, for 1 < r < s < n. 
THEOREM. Let G = (V, E) be a finite directed graph without loops, 
where V is the set of vertices of G and E is the set qf edges of G. Let 
E = El v E, u ... v E, and 1 VI > anln2 “’ nk 
where k, IX:, n, , n2 ,..., nk are positive integers and a is the maximum cardi- 
nality of any independent set of vertices in G. Then at least one of the 
following statements hold: 
(i) there is a number j in 1 ,( j < k and a set (vl , v2 ,..,, v,,+~)+ C V 
such that (vi , v~+~) E Ej for i = 1, 2 ,..., nj ; 
(ii) there is a number j in 1 <j < k and a set {vl , v2 ,..., II,}+ C Vsuch 
that r > 2 and (v, , v,), (vi , z)~+~) E Ei for i = 1, 2 ,..., (r - 1). 
Proof. We use an idea due to A. Seidenberg [l]. Suppose that (i) is 
false. Denote, for x E V and 1 < i < k, by fi(x) the largest positive 
integer t such that there are distinct vertices x1 , x2 ,..., xt satisfying x1 = x, 
(xj , xj+J E Ei , forj = 1, 2 ,..., (t - 1). Consider the f-vector 
f (4 = (fi(X),f~(X),...,f~(X)) 
for x E V. We have 1 <f;(x) < ni for all x and i. Hence, if there are 
exactly n distinct f-vectors, then 1 < n < n1n2 ... nk . 
Case (a). Whenever x, y E V and f(x) = f (y) then (x, y) $ E. 
For x, y E V write x - y wheneverf(x) =f(y). Let VI , Vz ,..., V, be the 
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distinct equivalence classes of this equivalence relation. Here n is the 
number of distinct f-vectors. 
According to our assumption, equivalent vertices are not connected; 
hence each equivalence class is an independent set. It follows that 1 Vi / < 01 
for i = 1, 2,..., n, whence 1 V j < wz < CYPZ+~ ... nk . This contradicts one 
of the assumptions, so Case (a) cannot occur. 
Case (b). f(x) =f(y) and (x, y) E Ej for some x, y, j. 
Let fi(y) = m. Then there is a set {y, , y, ,..., y,}+ C V such that y, = y, 
(yi , yi+3 E Ej , for i = I, 2 ,..., (m - 1). If x $r yi for i = 2, 3 ,..., M then 
h(x) 3 m + 1 =J;:(x) + 1, which is a contradiction. Therefore x = yr 
for some r, 2 < r < m. So ( yT , yl), ( yi , yi+J E Ej , for i = 1,2 ,..., (r - 1) 
and (ii) holds. 
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